sup + inf for Riemannian surfaces and sup x inf 
for bounded domains of M'^, n > 3 

Samy Skander Bahoura * 

Universite Paris VI, 4 place Jussieu 75005 Paris, Prance 

Abstract 



On a Riemannian surface, we give a condition to obtain a minoration of 
sup + inf. On an open bounded set of R" (n > 3) with smooth boundary, we 
have a minoration of sup x inf for prescribed scalar curvature equation with 
Dirichlet condition. 
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In this paper, we study some inequalities of type sup + inf (in dimension 2) 
and sup x inf (in dimension n > 3). We denote A — — Vi(V') the geometric 
laplacian. 

The paper is linking to the Note presented in Comptes Rendus de I'Academie 
des Sciences de Paris (see [Bl]) 

In dimension 2, we work on Riemannian surface (Af, g) and we consider the 
following equation: 

Au + / = ye" {El) 
where / and V are two functions. 

We are going to prove a minoration of sup u + inf u under some conditions 
on / and V. 

Where f — R, with R the scalar curvature of M, we have the scalar curvature 
equation studied by T. Aubin, H. Brezis, YY. Li, L. Nirenberg, R. Schoen. 

In the case f — R — 2n and M = , we have a lower bound for sup + inf 
assuming V non negative, bounded above by a positive constant b and without 
condition on W (see Bahoura [B]). 

The problem was studied when we suppose V — Vi uniformly lipschitzian 
and between two positive constants. (See Bahoura [B] and Li [L]). In fact, there 
exists c = c(a, b, A, M) such that for all sequences Ui and Vi satisfying: 
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Aui + R = Vie^\ < a < Vi{x) < b and ||VFi||oo < A, 

we have, 

supuj + inf > c V i. 

M M 

We have some results about L°° boundness and asymptotic behavior for the 
solutions of euqations of this type on open set of M? , see [BM], [S], [SN 1] and 
[SN 2]. 

Here, wc try to study the same problem with minimal conditions on / and 
V , we suppose <V <b and without assumption on VF. 

Theorem 1. Assume {M,g) a Riemannian surface and f,V two functions 
satisfying: 

f{x) > 0, and < V{x) <b< +oo, V a; e M. 
suppose u solution of: 

Au + f = ye". 

then: 

if < Jj^ f < Sir, there exists a constant c = c{b, f, M) such that: 

sup u + infu> c, 

M M 

if Sir < J]^f< 167r, there exists C = C{f,M) e]0, 1[ and c = c{b,f,M) 
such that: 

sup u + C inf u > c. 

M M 

Remark: In fact, we can suppose f = k a. constant. (See [Bl]). 

Now, we work on a smooth bounded domain O C M" (n > 3). 
Let us consider the following equations: 

Aue = uj^~^~'^, Me > in n and = on dVl (-E2). 
2n 

with e > 0, TV = -. 

n — 2 

The existence result for those equations depends on the geometry of the 
domain. For example, if we suppose, starshaped and e = 0, the Pohozaev 
identity assure a nonexistence result. If e = 0, under assumption on Q, we can 
have an existence result. When e > there exists a solutions for the previous 
equation. 
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For e > 0, [AP], [BP] and [H] , studied some properties of the previous 
equation. 

On unit ball of M", Atkinson-Peletier(see [AP]) have proved: 

limf sup Me inf u^] = I ttt — 1 
with |a;| = A; < 1. 

In [H], Z-C Han, has proved the same estimation on a smooth open set 
O C R" with the following condition : 



lim =Sn (1), 



with Sn = Trn{n — 2) 



r(n/2) 



the best constant in the Sobolev imbedding. 



r(n) 

In fact, the result of Z-C Han (see [H] ), is (with (1)), 

\im \\ue\\LooUe{x) = an{n — 2)G{x,xo), with, xgSI — {xo}- 

e— >0 

where xq € 0, and G is the Green function with Dirichlet condition. 

In our work, we search to know if it is possible to have a lower bound of 
sup X inf, without the assumption (1). 

Theorem 2. For all compact K of O, there exists a positive constant c = 

2 

c{K,Q,,n) > 0, such that for all solution Ue of {E2) with e g]0, -], we have: 

SUpUe X inf > c. 

n K 

Next, we are intersting by the following equation: 

Au = u^~^ + eu, u> 0, in O, and « = on 90. 

We know that in dimension 3, there is no radial solution for the previous 
equation if e < A* with A* > 0, see [B N]. Next, we consider n > 4. 

We set G the Green function of the laplacian with Dirichlet condition. For 
< a < 1, we denote: 



supn /fj G{x, y)dy ' 
Assume n > 4, we have: 
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Theorem 3. For all compact K of fl and all < a < 1 there is a positive 
constant c = c{a, K,fl,n) , such that for all sequences (ei)igN ixith < Ci < P 
and {uei)i^n) satisfying: 

Auej = u^^^~^ + CiU^^, u^^ > and = on dO., V i, 
we have: 

V i, sup X inf Uc^ > c. 
n K 
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Proof of the Theorem 1: 
First part ( < ^ < Stt ) : 

We have: 

Au + f = ye", 

We multiply by u the previous equation and we integrate by part, we obtain: 



/ |Vw|2 + / fu^ [ Ve^u, 
Jm Jm Jm 



IM JM JM 

But y > and / > 0, then : 



/ |Vu|^ + infu / /<supu/ Ve^. 
JM ^ Jm M Jm 

On Riemannian surface, we have the following Sobolev inequality, (see [DJLW], 

3C = C(M,rf>0, W.iff(M,, log^^e") <^/^JV„P+^/^,+loga 

Let us consider G the Green function of the laplacian such that: 

G{x,y)>Q and, / y)rfVg(y) = fc = constant. 

Jm 

Then, 

"^''^ = V^) Jm""^ J^G{x,y)[V{y)e^^y'>-f{y)]dV,iy), 

and, 
with, 

/ [G{xo,y)f{y)] < sup/ / G{xo,y)dVg{y) = fcsup/ = Ci. 

Jm m jm m 

But, jj^ Ve^ = Jj^ / > 0, we obtain, 
thus, 

r 1 /■ 1 /■ .1 

-2Ci. 



sup u + inf zt > 2 

M 



If we suppose, < / < Sir, we obtain -^-^ > and then: 



JM ■ 

sup u + mfu> 2 

M M 



2jj^u IGtt 



yol{M) Jm xuv, jm 

We use the previous Sobolev inequality, we have: 



2Ci, 



sup w + inf M > -2Ci - 2 log C + 2 log 



but, 



then, 



and finaly. 



/ / = / ye" < 6 / e" 
Jm Jm Jm 



Jm Jm 



supu + inf u > -2Ci - 2\ogC + 2\og[^ j / ) . 



M 

Second part ( Stt < J^^^ f < 167r ) 
Like en the first part, we have: 



a) [ iVup + infu/ /<supu/ /, 
Jm ^ Jm Jm 



c) inf M > 



M - Vol{M) JM 

We set A > 0. We use a), 6), c) and we obtain: 



Vol{M) Jm 
u-Ci. 



f) (supu+Ainfw) > -(A+l)Ci / f+-^^^7^ , , 
m J M M ' ^ Jm Vol{M) \Jm 

thus. 



/ +/ 
M J Jm 



supu + Ainfu > -(A+l)Ci + (l + A) 

M M 



VoI{M)Jm (1 + A)/^/ 



M J •' M 



We choose A > 0, such that. 



> 



(1 + A)/m/ - IStt' 
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thus, (1 + A) / < Wn, < A < ~ -^j^ < 1. 

JM J 

Finaly, the choice of A, give: 



supu + Ainfu > -(A + l)Ci - (1 + A) logC + (1 + A) log , , 
If we take A = ^~ G]0, 1[, we obtain: 

supu + '/^ inf M > -Ci-j^ - ^— \ogC+ ^— log - / / 



Proof of theorems 2 and 3: 



Here, we give two methods to prove the theorems 2 and 3, but we do the 
proof only for the theorem 2. In the first proof we use the Moser iterate scheme, 
the second proof is direct. 

Method 1: by the Moser iterate scheme. 

We argue by contradiction and we suppose: 

2 

3 K CC ri, Vc> 0, 3ec elO, -1 such that: 

n — 2 

Aue^ = Wee > in O and u^^ = on dfl, 

with, 

sup Ue^ X inf Ue^ < c 

We take c = t, there exists a sequence (ei)j>o, such that Vi G N, G 
]0,^]and 

Auci = > in n and = 0, on dfl {*) 

with, 

supwe^ X inf u^, < i — > (**). 

Clearly the function u^- which satisfy (*), there exists a;^. G O such that: 

sup = max u^- = . (x^^ ) . 
Q f2 
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Lemma: 

There exists S = 6{fl, n) > such that for all e > and > 0, solution of 
our problem with € ft, supQ We = Ue{xe) we have: 

d{xe,dn) > 6. 

Proof of the lemma: 

We argue by contradiction. We suppose: \/ S > 0,3 x^^ such that: d{x^^ , d^l) < 

S. 

We take S — -,j ^ +oo, we have a subsequence e^., noted Ci, such that, 
J 

d{x^„dn) -y . 

Let us consider G the Green function of the laplacian with Dirichlet condition 
and w satisfying: 

Aw = 1 in n and w = on dVt. 
Using the variational method, we can prove the existence of w and w G 

The Green representation formula and the fact x^^ —> yo ^ dO. give: 

= w{yo) ^ w{xe,) = / G{xe,,y)dy, 
Jn 

we can write, 

/ G{x,„y)dy^O. 
The function Ue- satisfy (*) and thus: 

We«(a;eJ < (maxuej^"^"^' / G{xe„y)dy, 
^ Jn 

consequently, 

l<[u,,{x,jf-^-'^ [ G{x,^,y)dy. 
Jn 



Then, 



Uei{xei) — >■ +00 and Xci — >■ yo € dfl (***). 



But, if we use the result of Z-C.Han (see [H] page 164) and [DLN] (pages 
44-45 and 50-53) and the moving plane method (see [GNN]) we obtain: 

if O is smooth bounded domain, / a function in and u is a solution of: 
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Au = f{u), in n and u = on 

there exists two positive constants 6 and 7, which depend only on the geom- 
etry of the domain fl, such that: 

Vx e {z,d{z,dn) < 5}, c {z,d{z,dfl) > -} with mes(r^) > 7 et 

u{x) < u{^) for all ^ € T^. 

Thus, 

u(x) < , / u < — f u (*'), 

with O' CC n. 

If we replace x by Xf:^, u by and we take fJ' = {z G fJ, d{z, d^) > -}, we 
obtain (after using the argument of the first eigenvalue like in [H]): 

+00 <— Ue {Xe ) < — / Ue < C2(0',n) < 00, 

7 Jw 

it is contradiction. The lemma is proved. 
We continue the proof of the Theorem. 

Without loss of generality , we can assume x^ —>■ J/o- We consider {xei)i>o 
and /U > 0, such that x^^ € B{yo, ji) CC f2. ( we take M = 2 example). 



We have: 



u,,{x)= I G{x,y)u,,''-'-''{y)dy 
Jn 



According to the properties of the Green functions and maximum priciple, 
on the compact K of Ct: 

G{x, y)>C3 = c{K, O, n) > 0, 'i x&K, ye B{yo, n). 

Thus, 



inf = Uei{yci) >Cz I U, 



N-l-ti 

and then. 



/ < (sup.,) X / .,^-1-- < i^^Pnu..xM^u,,) _ ^ 
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Finaly, 

< / Me.^"'" ^0 (* * **). 

Let 7? be a smooth function such that : 



0<r?<l, r?=l, onB(yo,M/2), r? = 0, on O - B(?/o, y )• 

Set k > 1. We multiply the equation of Ue- by Uei'^^~^rf and we integrate 
by part the first member, 

JB{yo,2fi/3) JBfeo, 2/^/3) J B{vo,2^i./5) 

We compute |V(uei'^ry)P and we deduce: 

« JB(yo,2n/3) 1^ JB{yo,2fi/3) « J B{ya,2n/S) 

= [ n'u,,^+'''-'-^K 

JB{yo,2n/3) 

And, 

/ < Vn,jV77 > We.'*=-'r? = -i- / < VK.''=)|V(772) >= / A(r?>,,2fc_ 

^3(2/0,2^/3) JB(yo,2ix/3) J B{yo,2fi/3) 

Then, 

2/^ \ f I - , , i-xi^ 2 f A/9\ 9^- 



fc2 



JB(yo,2n/3) 4ft jB{yo,2n/3) 1^ J B(yo,2n/3) 

JB{yo,2 



>2/:i/3) 

But, 

JB{yo,2n/3) JBiyo 



2fi/3) 



Using Holder inequality with p = {N -€i)/2 and p' = {N - ei)/{N - ei-2), 
we obtain: 

Oh — A 

-^[\MVUeMLHBo)r<[\ML^-niBo)f-''-'><^^^^^ 
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2 — 2k 2k — \ 

with Bo = B{yo,2i^/3) and C = C{k,rj) = ^^||Ar?||oo + -^l|V??||c 

Holder and Sobolev inequalities give, 
We obtain: 



2k — 1 

KJ,2\Bo\^eWlN(N-eO] tl 1^"^." | k^-.^Bo)]' < [I l^ej U^-.. (Bo)]^"'"^^ X [I ''I k^-e. (Bo)]' + 

+ C{k,vmML^HBo)?^ 

with \Bo\ =mes[B{0,2ii/3)]. 

We choose k = and we denote aj = [\\V'^€i''^~'^'^^'^\\L'^-H{Bo)]^ > ^■ 



We have: 



with ci = ci(Af,At) > 0,C2 = C2(Ar,/i) > 0, A = [HweJIiiv-eJ^-^-^* and 
2 

with Ci g]0, -]. According to (* * **), we have, l3i —> and ■ji — > 0. 

Tl ^ 

Thus, 

(ci/2)ai < (ci - /3i)ai < 7i -> 0. 

Finaly, 

0< / M,/^-^^)V2 < /■ ^^^^(iV-.OV2^0. 

JB(yo,M/2) iB(j/o,2^/3) 

We iterate this process with A: = ^-^ — after with fc = — , r € N* , 

we obtain, for all g > 1, there exists I > 0, such that: 



JBiyn.l) 



'B{yo,l) 

Using the Green representation formula, we obtain: 



\/ X € B{x,l'), Ueiix) = / G{x,y)u^,^ ^ '''{y)dy+ d^G{x,ai)u^,{ai)dai (*****) 

JB{yo,l) JdB{yo,l) 
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where < /' < Z. 
We have, 



/ Wej^ ~ Uei'^{rar)dardr 0, 

Jb{vo,1) Jo JdB(yo,r) 

We set, Si,,(r) = l9B{yo,r)'^^i''(^^r)- Then, 



s.i,c,(r)dr 0, 



We can extract of, Si^q, a subsequence which noted Sj^g and which tends to 
almost every- where on [0,?]. 

nlfl — |— 2) Ti 

First, we choose, gi = with g > — , after we choose I2 > 0, such 

n-2 2 ' ^ ' 

that, /B(y(j h)^'^'''^ ~^ ^" Fiii^ly' take ?i g]0, ^2], such that, Si^q^{li) 0. We 
take Zq = ^ = Z' in (* * * * *) and Z = in (* * * * *), we obtain (if we use Holder 
inequality for the two integrals of (* * * * *)), 

3 Iq > 0, sup — > 0. 

B{yo,lo) 

But, 2/0, for i large, a;^, G B(yo,Zo), which imply, 

Uf (Xf ) = maxttf- — > 0. 
n * 

But if we write, 

Uei{xei)= / G{xe„y)ue,'^-'^-'''{y)dy, 
Jn 

we obtain, 

maxuj. =Uei(a:;g.) < (supug.)^""^"'^* / G{xe. ,y)dy = [u^^^x,: )]'^~^~'^'w{xe ), 
^ n Jn 

and finaly, 

l<u,,{x,,)]''-^-'^w{x,,). 

2 

But, w > on fl, Halloo > and N — 2 — Ci > -, we have, 

It is a contradiction. 

For the Theorem 3, we obtain a contradiction if we write: 
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max < (max Me J ^ ^||w||oo+iiiax'Ug.eiSup / G(a;, < (maxuej^ ^||w||oo+Q!maxUei, 
rz o rz Q Jq q q 

and finaly, 



max Me > 

" " Vlh-'^iico 

Method 2: proof of theorem 2 directly. 



l_^Xl/(iV-2) 



Suppose that: 



sup X inf Mi — » 0, 



then, for (5 > small enough, we have: 

sup Ui X inf Ui 0. 

a {a;,d(x,an)>5} 

Like in the first method (see [H]), for S > small, 

sup Ui<M = M{n,n). 
{x4(x,an)>5} 

We have, 

M,(x)= / G{x,y)uf-^-'^dy. 
Jn 

Let us consider K' another compact of il, using maximum principle, we 
obtain: 

3 ci = ci{K, K', n, O) > 0, such that G{x, y) > ci \/ x G K, y G K, 
thus, 



inf Uj = Ui(a;i) > ci / ^ ^'dy. 



K 



JK' 



We take, K' = Ks = {x,d{x,dfl) > S}, there exists C2 = 02(6, n,K,fl) > 
such that: 



K 

we deduce. 



supwj X inf Mi > C2 / M^ "^'dy. 



|wi||^_e' > 4 supMi X inf Mi +TOes({a;,d(a;,9ri) < 5})M^ 



" ' {a;,d(x,aa)>5} 
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If we take S small and for i large, we have: 

||Mi||jV-ei — *■ 0. 

Now, we use the Sobolev imbedding, Hq in , we multiply the equation 
Ui by Ui, we intgrate by part and finaly, by Holder inequality, we obtain: 

K,\\ui\\8N - < K2\\ui\\l < f \Vu,\^ = j u^-'' = \\ui\\%-_t, 

Jn Jn 

2 

we know that, < < -, the previous inequality: 

n — 2 

||Ui||jV-e^ > ^3 > 0, V i, 

it is a contradiction. 
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